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Photon coincidences represent an important resource for quantum technologies. They expose
nonlinear quantum processes in matter and are essential for sources of entanglement. We derive
broadly applicable criteria for quantum non-Gaussian two-photon coincidences that certify a new
quality of photon sources. The criteria reject states emerging from Gaussian parametric processes,
which often limit applications in quantum technologies. We also analyse the robustness of the
quantum non-Gaussian coincidences and compare with the heralded quantum non-Gaussianity of
single-photons based on them.
Five decades ago, coincidences detected in photon-
counting experiments initiated the first fundamental tests
of nonclassical photon pairs from nonlinear processes [1–
5]. These photon pairs were used to produce photon en-
tanglement in different degrees of freedom [6, 7]. After
two decades, the effort move on to entanglement-based
quantum key distribution at a significant distance and
in real optical networks [8]. Recently, superconducting
counters of itinerate microwave photons [9–11] also al-
lowed observation of nonclassical coincidences. This initi-
ated the study of integrated superconducting microwave
photonics beyond hybridisation in a single system [12–
15]. Simultaneously, the correlation between optical or
microwave photons and excitations in atomic [16–19],
solid-state [20–22], superconducting [23] and mechani-
cal systems [24, 25] established a new hybrid quantum
physics. A violation of Bell inequalities over a distance
has already been confirmed [26], which aims for device-
independent secure key distribution [27, 28]. Therefore,
photon coincidences and their analysis are crucial for the
further development of many current and future experi-
ments.
For a long time, nonclassical photon coincidences have
been in the main focus, as they are necessary condi-
tions for many quantum phenomena and applications.
The photon pairs produced by spontaneous parametric
down-conversion, optical parametric oscillators and sim-
ilar processes were the principal sources. However, the
photon coincidences from such Gaussian processes still
exhibit multiphoton components. This unwanted contri-
bution grows with increasing pumping of the Gaussian
process. It is known that they represent limiting factors
for the rate and security of quantum key distribution [29].
Despite some solutions for particular applications, mul-
tiphoton contributions generally restrict the speed and
performance of any entanglement-based photonic proto-
cols, which already achieve a considerable distance [30].
The states with reduced multiphoton contributions will
expand current photonic quantum technology. Currently
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developing experimental platforms brought new versions
of two-photon optical processes in atoms [31, 32] and
solid-state systems [33–36] with rapid advances [37–45],
but also with single-atom mechanical oscillators [46–48]
and at microwave frequencies [48] and soon in other su-
perconducting circuits [49]. This effort even extends to
observable three-photon coincidences [50]. They are all
capable of producing photon pairs with much lower mul-
tiphoton contributions than Gaussian processes.
These experimental developments allow us to test, for
the first time, that they conclusively reach the capabil-
ity to produce quantum non-Gaussian coincidences that
are better than coincidences provided by any correlated
Gaussian states of light. The eminent first target is a
coincidence of Fock states |1〉|1〉 in two different modes
without any higher photon contribution. As described
above, it is ideal for building two-photon entanglement
without multiphoton components, but also other applica-
tions in multiplexing of Fock-state-based quantum sens-
ing [51]. In this Letter, we derive ab initio criteria for
quantum non-Gaussian coincidences for commonly used
experimental setups with multiplexed single-photon de-
tectors, analyse their essential features and robustness
and modify the method for currently developing photon
number detectors. Remarkably, low photon rates do not
preclude observation of quantum non-Gaussian coinci-
dences. Therefore they are applicable to the majority of
above mentioned experimental platforms even at an early
stage of their development. This result qualitatively ex-
tends the already experimentally verified quantum non-
Gaussian statistics of heralded single-mode states [52].
The quantum non-Gaussianity was also recognized in
light from quantum dots [53], which have the potential to
test quantum non-Gaussian coincidences. Therefore, we
can compare these two different quantum non-Gaussian
statistics of photons. Since nonclassicality is a necessary
condition of the quantum non-Gaussianity, we analyse
both quantum non-Gaussian statistics of photons in the
experimental layout where nonclassical coincidences are
detected [37] to understand the difference from the stan-
dard nonclassical tests.
Nonclassical photon coincidences— A response of a de-
tector rejecting classically correlated classical waves sig-
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2nifies nonclassical photon coincidences. Particularly, the
nonclassical coincidences manifest themselves in a mini-
mal layout depicted in Fig. 1a) where the simultaneous
click of two of four detectors can be measured. Light in
two distinguishable modes denoted as 1 and 2 propagates
through a beam-splitter (BS) in each mode and two pairs
of single-photon avalanche diodes (SPADs) measure the
split light. A criterion compares probabilities of coinci-
dences at selected detectors as summarized in Fig. 1b).
A success probability Ps quantifies events when the de-
tectors SPADa,1 and SPADa,2 click simultaneously. The
error probability Pe,i with i = 1, 2 measures when the
detectors SPADa,i and SPADb,i click. Thus, the suc-
cess events represent coincidences occurring in different
modes and error events correspond to coincidences in the
same mode. The involved error probabilities allow us to
exploit the criterion to experimentally test emission pro-
cesses even with low rates. The criterion stems from a
linear combination of the probabilities
Fa(ρ) = Ps + a(Pe,1 + Pe,2), (1)
where a is a free parameter. To achieve the nonclassical-
ity criterion for such measurement, the function Fa(ρ) is
optimized over all classical states
ρ 6=
∫
P (α1, α2)|α1〉1〈α1| ⊗ |α2〉2〈α2|d2α1d2α2, (2)
where P (α, β) is a density probability function and sub-
scripts 1 and 2 distinguish the two modes. Optimizing
the functional (1) over classical states leads to a threshold
function F (a), on which the criterion imposes a condi-
tion ∃a : Fa(ρ) > F (a) [54]. Exclusion of the parameter
a from the criterion induces an inequality
2Ps
Pe,1 + Pe,2
> 1 (3)
giving a condition for nonclassicality on the measurable
quantitites. Simultaneous generation of pairs |1, 1〉 of
single-photon states without any multiphoton contribu-
tions will always be detected as nonclassical. Violation
P 2s /(Pe,1Pe,2) ≤ 1 [5] from the Cauchy-Schwarz inequal-
ity reveals the nonclassicality identically for those ideal
cases. Both conditions remain the same even for more re-
alistic states producing the error events if both modes are
occupied symmetrically, i. e. Pe,1 = Pe,2. However, the
condition (3) gets stricter for states contributing asym-
metrically to the error event. To continue tests of funda-
mental aspects of the photon pairs and its generation, the
threshold needs to be moved up to reject all two-mode
Gaussian states from parametric processes governed by
the quadratic interaction Hamiltonians.
Quantum non-Gaussian photon coincidences— States
beyond mixtures of Gaussian states exhibit more pro-
found quantum aspects than nonclassical light. Quantum
non-Gaussian photon coincidences identify such states
occupying several modes, and therefore they reject even
ρ
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FIG. 1. a) A scheme enabling detection of the nonclassical
and quantum non-Gaussian two-photon coincidences. Both
optical modes are split by a balanced BS and measured by
two pairs of SPADs. The criteria for both quantum features
explore the relation between coincidences happening in dif-
ferent modes (success) or in the same mode (error). b) The
coincidences relevant for success and error probabilities are
outlined.
states exhibiting Gaussian photon correlations. Let us fo-
cus on the manifestation of that quantum aspect on the
layout in Fig. 1a) again. To obtain a threshold for quan-
tum non-Gaussian coincidences, we use a pure Gaussian
state defined by Gaussian unitary operations acting on
the vacuum [55]. For the two-mode cases considered, the
Gaussian state |G〉1,2 has the form [56]
|G〉1,2 = D1(α1)D2(α2)UBS(τ)S1(ξ1)S2(ξ2)|0〉1|0〉2,
(4)
where Si(ξ) = exp
[
ξ
(
a†i
)2
− ξ∗a2i
]
is the squeezing op-
erator, Di(α) = exp
(
αa†i − α∗ai
)
is the displacement
operator and UBS(τ) = exp
(
τa†1a2 − τ∗a1a†2
)
corre-
sponds to a unitary operator describing the interference
on a beam-splitter. Thus, the quantum non-Gaussian
coincidences reject all mixtures of the state |G〉1,2, i. e.
ρ 6=
∫
P (G) |G〉1,2〈G|d2α1d2α2d2ξ1d2ξ2dτ, (5)
where the function P (G) is a density probability func-
tion of the vector G of complex parameters α1,2, ξ1,2 and
τ identifying a Gaussian state |G〉1,2. It imposes stricter
demands on the coincidences than the nonclassical condi-
tion (3) because it also rejects states with a Gaussian cor-
relation of photons typical for linearized dynamics from
quadratic nonlinearities. Recognition of quantum non-
Gaussian coincidences provides a criterion that is derived
analogously to the nonclassicality condition. The optimal
state is |G〉1,2 due to the linearity of the function Fa(ρ)
[57]. A challenging task is to find the unitary operators
in (4) producing the optimal state. Its parameters are
guessed to be αi = 0, τ = pi/4 and ξ2 = −ξ1 = ξ with ξ
being real, which defines a state
|Gr〉1,2 =
√
1− r2
∞∑
n=0
rn|n〉|n〉, (6)
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FIG. 2. The quantum non-Gaussian coincidences are recog-
nized when the measured probabilities Ps and Pe belong to
the orange region. The solid black line corresponds to the
threshold determined by relation (7). Its reliability was veri-
fied by a Monte-Carlo simulation producing in total 107 ran-
dom Gaussian states, see the Supplemental Material for more
details. Five hundred best attempts are depicted by the blue
points. The purple line shows a threshold for two factorizable
Gaussian states to visualize that states with Gaussian photon
correlation can be above them. The green line corresponds to
the threshold of nonclassicality (3). The upper inset presents
the thresholds and results of the Monte-Carlo simulation in
a region of very attenuated states which is relevant for many
experiments [58]. The lower inset zooms the results in the
corner with very high probabilities of success and error.
where r = (1− e−2ξ)/(1 + e−2ξ). A Monte-Carlo simula-
tion certified this state is optimal. Fig. 2 shows outputs
of the simulation and the Supplemental Material provides
more details about it. The threshold implied by the op-
timal state (6) reads
Ps >
1
2
√
Pe
8 + Pe
[
2 + Pe +
√
Pe(8 + Pe)
]
, (7)
where Pe denotes the average of error probabilities, i.
e. Pe = (Pe,1 + Pe,2)/2. All the simulated states |G〉1,2
were covered by the threshold (7). Thus, only states (5)
can surpass the threshold. In Fig. 2, we compare cri-
terion (3) in green with the criterion for quantum non-
Gaussian coincidences (7) in black. The figure also com-
pares these thresholds with a line covering all mixtures of
factorized Gaussian states. It highlights that states with
Gaussian correlations establish the condition on quantum
non-Gaussian coincidences. Importantly, the criteria be-
have differently for a large class of experimentally rele-
vant states with Pe  1. Whereas rejection of all factor-
ized Gaussian states in this region demands P 3s ' P 2e /2,
quantum non-Gaussian coincidences require P 2s ' Pe/8
representing a stricter condition. The demands of the cri-
teria (7) and (3) can be analyzed on a particular model
of experimentally relevant states. It also allows us to ex-
plore how quantum non-Gaussianity manifests itself in
that state in other layouts and compare it with quantum
non-Gaussian coincidences as presented later.
Testing experimental example— Solid state sources ex-
ploit a cascade energy transfer in matter to radiate a cor-
related pair of photons [36, 45]. Typically, such a source
suffers from high losses and background noise deterio-
rating the photon statistics and a density matrix of the
radiated light approaches
ρ = ρη,T ⊗ ρ˜1(T n¯)⊗ ρ˜2(T n¯), (8)
where ρ˜i(T n¯) is the background noise in the ith mode
obeying the Poissonian photon distribution with the
mean number of photons T n¯. The state ρη,T reads
ρη,T = ηT
2|1, 1〉〈1, 1|
+ ηT (1− T )(|1, 0〉〈1, 0|+ |0, 1〉〈0, 1|)
+
[
(1− η) + η(1− T )2] |0, 0〉〈0, 0|, (9)
where η is the probability that a photon pair |1, 1〉 is gen-
erated and T quantifies the optical losses together with
the quantum efficiency of the SPADs. Both the losses
and the background noise reduce the coincidences, i. e.
the component |1, 1〉. Considering a limit of states with
strongly suppressed multiphoton contributions, the suc-
cess probability is Ps ≈ T 2
[
η + n¯2 + ηn¯(2− T )] /4 and
the error probability approaches Pe ≈ ηT 2n¯ + T 2(2 −
3ηT )n¯2/4, where we assume n¯  1 without any conjec-
ture about losses T and the parameter η. The Supple-
mental Material involves formulas expressing these prob-
abilities beyond the approximation. According to them,
the considered state exhibits the nonclassicality for arbi-
trary noise if ηT > 0. Thus, nonclassical photon coin-
cidences impose no condition on the states (8). In con-
trast, the quantum non-Gaussian coincidences are ob-
served only for some states with the form (8). Analytical
conditions on the state are derived only for the considered
limit. Employing relations approximating the measured
probabilities and the approximate threshold P 2s ≈ Pe/8,
gives rise to an approximate condition
η ' 1
2T 2
(1 +
√
1 + 2T 2)n¯. (10)
It shows how this quantum aspect is sensitive to the noise
contributions in this regime. Expressing T from formula
(10) estimates how much loss the criterion (7) tolerates.
It gives rise to the relation
T ≈
[
n¯(2η + n¯)
2η2
]1/2
, (11)
which quantifies approximate robustness against loss.
Considering the results in [52], it represents a depth of
quantum non-Gaussian coincidences. The Supplemental
Material provides numerical results showing accurately
when the considered state manifests the quantum non-
Gaussian coincidences.
Heralded and unheralded single-mode quantum non-
Gaussianity— The presented quantum non-Gaussian
concidences can be applied to prepare a non-Gaussian
single-photon state in a single-mode [52]. In that case,
4the detection exploits a BS that directs the light towards
two SPADs. The setup in Fig. 1 can be modified for de-
tecting unheralded quantum non-Gaussianity by ignoring
the response of SPADa,2 and SPADb,2, which measure
the same mode. Alternatively, these detectors can be
used to herald the preparation of a measured state in the
first mode. In both cases, the criterion imposes a con-
dition on outputs of the remaining pair of the detectors
SPADa,1 and SPADb,1. The condition is derived in Ref.
[59]. Thus, quantum non-Gaussian coincidences can be
compared with the manifestation of the heralded and un-
heralded quantum non-Gaussianity in a single-mode by
the model state (9). The reduced density matrix of the
unheralded state reads
ρr = [ηT |1〉〈1|+ (1− ηT )|0〉〈0|]⊗ ρ˜(T n¯) (12)
with ρ˜ standing for the density matrix of the Poissonian
noise. In the other scenario, the neglected pair of the
SPADs is employed for preparation of a heralded state
[60]. Then, the heralded quantum non-Gaussianity is
exhibited by a state
ρh = ρh,s ⊗ ρ˜(T n¯), (13)
where the single-photon component obtains
ρh,s =
1
N
[
(1− ηT )(1− e−Tn¯) + ηT (1− T )e−Tn¯] |0〉〈0|
+
1
N
ηTe−Tn¯(−1 + eTn¯ + T )|1〉〈1| (14)
with N = 1 − e−Tn¯ + e−Tn¯ηT being the probability of
the heralded events. Let us inspect the conditions of
the heralded and unheralded single-mode quantum non-
Gaussianity in a region of states with very low noise con-
tributions n¯  1. The approximate criterion obtains
the form P 3s > Pe/4 where Ps denotes a probability of a
click occurring on SPADa,1 and Pe stands for a probabil-
ity identical to error probability Pe,1 introduced for de-
tecting quantum non-Gaussian photon coincidences. The
test of quantum non-Gaussianity requires [59]
η >
√
n¯/T (15)
for the unheralded case. Comparing relations (10) and
(11) shows that quantum non-Gaussian photon coinci-
dences survive lower photon-pair emission η but they
are more sensitive to losses than unheralded single-mode
quantum non-Gaussianity [61]. When heralding is used
for a state preparation, the quantum non-Gaussianity of
heralded states manifests itself when T > n¯ regardless of
the parameter η [52]. Therefore, the single-mode quan-
tum non-Gaussianity is revealed more easily on heralded
states (8) than the quantum non-Gaussian coincidences.
However, the heralding on states from Gaussian paramet-
ric processes can generate quantum non-Gaussianity as
well [52]. The Supplemental Material presents accurate
evaluation of the quantum non-Gaussianity beyond the
approximate regime for both detection scenarios.
Quantum non-Gaussian coincidences for detection
with PNRDs— The layout in Fig. 1 can be modified for
recognition of the quantum non-Gaussian coincidences
employing photon-number resolving detectors (PNRDs)
instead of SPADs. A PNRD allows us to distinguish
the number of arriving photons. Two PNRDs respond-
ing on different modes quantify the probability Pm,n =
〈m|〈n|ρ|n〉|m〉. Following the approach, we define the
success probability by Ps = P1,1. The error probability
Pe,i corresponds to probability of multiphoton contribu-
tions in the ith mode, i. e. Pe,i = 1− P (i)0 − P (i)1 , where
P
(i)
n is the photon number distribution in the ith mode
with the other mode being ignored. The state (6) estab-
lishes a criterion of quantum non-Gaussian coincidences
in the form
Ps >
√
Pe − Pe (16)
in this detection scheme, where Pe stands for the average
of error probabilities again. The covering of all mixtures
of Gaussian states was verified by a Monte-Carlo simu-
lation as well. Applicability of the criterion (16) can be
illustrated on the example of the model state (8). As-
suming the limit of states with n¯ 1 leads to conditions
imposed on such model states, which are identical with
relations (10) and (11) following from the criterion (7).
Beyond that limit, the conditions differentiate, see the
Supplemental Material for more details. Thus, the crite-
rion (16) can be used specifically for two-quanta exper-
iments where two-mode photon number statistics is de-
tectable using optical homodyne tomography [62], in mi-
crowave experiments [63] and trapped ions experiments
[46, 47].
Conclusion and outlook— We extended quantum non-
Gaussianity of single mode states [64] to quantum non-
Gaussian coincidences between two modes of light, mi-
crowaves or phonons of mechanical oscillators. The pro-
posed methods are directly applicable to the two-mode
versions of optical experiments with atomic systems [31,
32], two-photon solid-state emitters [38–43], but also to
upcoming electromechanical experiments [65, 66], quan-
tum mechanics with trapped ions [46, 47] and two-mode
superconducting circuits [63, 67]. A straightforward
theoretical qwextension is evaluation of the multipho-
ton quantum non-Gaussian coincidences of Fock states
|n〉|m〉 to investigate multiphoton and multiphonon non-
linear process. It can be applied to time-bin experiments
with single-photon guns to test prepared coincidences
[68–71]. Simultaneously, the approach can be extended
to exposing the quantum non-Gaussianity of sources pro-
ducing triplets of photons [50].
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I. SUPPLEMENTAL MATERIAL
A. Gaussian states
Unitary transformations of Gaussian states occupying
n modes are conveniently described by transformation
of the covariance matrix Γ and the vector of the first
moments V . The covariance matrix has elements
Γ2i−1,2j−1 =
1
2
(〈XiXj〉+ 〈XjXi〉)− 〈Xi〉〈Xj〉
Γ2i,2j =
1
2
(〈PiPj〉+ 〈PjPi〉)− 〈Pi〉〈Pj〉
Γ2i−1,2j =
1
2
(〈XiPj〉+ 〈PjXi〉)− 〈Xi〉〈Pj〉
Γ2i,2j−1 =
1
2
(〈PiXj〉+ 〈XjPi〉)− 〈Pi〉〈Xj〉, (17)
where i, j index the considered modes, Xi is the coordi-
nate operator and Pi is the momentum operator. The
vector V has elements
V2i−1 = 〈Xi〉
V2i = 〈Pi〉. (18)
The covariance matrix together with the vector V specify
any Gaussian state.
The unitary operations preserving the Gaussian as-
pects of Gaussian states are squeezing S(V ), rotation of
the coordinates R(φ), the beam splitter transformation
7UBS(τ) and displacement D(α). The squeezing S
(i) of
the coordinate Xi in the ith mode is described by
S
(i)
2i−1,2i−1 = exp(−|ξ|)
S
(i)
2i,2i = exp(|ξ|) (19)
and S
(i)
m,n = δm,n otherwise. The matrix elements of
R(i)(φ) acting on the ith mode are expressed as
R
(i)
2i−1,2i−1 = R2i,2i = cosφ
R
(i)
2i−1,2i = −R2i,2i−1 = sinφ (20)
and R
(i)
m,n = δm,n otherwise. The general squeezing op-
erator S(ξ) acting on the ith mode is determined by
S(i)(ξ) = R(i)(−2φ)S(i)(|ξ|)R(i)(2φ), (21)
where ξ = |ξ|eiφ. Further, the matrix U (i,j)BS (τ) trans-
forming the modes i and j is
U
(i,j)
BS,2i−1,2i−1 = U
(i,j)
BS,2i,2i =
√
τ
U
(i,j)
BS,2j−1,2j−1 = U
(i,j)
BS,2j,2j =
√
τ
U
(i,j)
BS,2i−1,2j−1 = U
(i,j)
BS,2i,2j =
√
1− τ
U
(i,j)
BS,2j−1,2i−1 = U
(i,j)
BS,2j,2i = −
√
1− τ (22)
and U
(i,j)
BS,m,n = δm,n otherwise. The displacement oper-
ator does not affect the covariance matrix but only the
vector V . Therefore, the displacement is represented for-
mally by a vector
D(α) = (|α1| cosψ1, |α1| sinψ1,
..., |αn| cosψn, |αn| sinψn) (23)
which carries out transformation
V = V˜ + ΓD, (24)
where V˜ is the vector of the first moments before an
action of the displacement operator.
The covariance matrix of a general state |G〉 propa-
gating through the setup in Fig. 1a) of the main text is
determined by
Γ = U
(1,2)
BS (1/2)U
(3,4)
BS (1/2)U
(2,3)
BS (τ)S
(2)(ξ2)S
(1)(ξ1) ·
I · S(1),T (ξ1)S(2),T (ξ2)U (2,3),TBS (τ)
U
(3,4),T
BS (1/2)U
(1,2),T
BS (1/2), (25)
where the superscript T denotes the transposition of the
matrix. The first moments yield
V T = U
(1,2)
BS (1/2)U
(3,4)
BS (1/2)Γ˜D
T (α) (26)
with
Γ˜ = U
(2,3)
BS (τ)S
(2)(ξ2)S
(1)(ξ1) ·
I · S(1),T (ξ1)S(2),T (ξ2)U (2,3),TBS (τ) (27)
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FIG. 3. Figure depicts results of a Monte - Carlo simulation
randomly producing probabilities P1,1, Pe,1 = 1−P (1)0 −P (2)0
and Pe,2 = 1−P (2)1 −P (2)1 exhibited by Gaussian states when
a PNRD is used for detection. The inset shows the results of
experimentally relevant region of states with very low error
probabilities. The black solid line corresponds to the thresh-
old covering all the states. The blue points represent fifty
points generated in the Monte-Carlo simulation that get closer
to the threshold. A total number of cycles in the simulation
was 106 for each parameter of squeezing in a single mode.
and
D = (|α1| cosψ1, |α1| sinψ1,
|α2| cosψ2, |α2| sinψ2, 0, 0, 0, 0). (28)
Projection on the vacuum in one or more modes is given
by [56]
PM =
exp
[
V (Γ+M)−1V T−V ΓV T
2
]
√
det(Γ+M)
(29)
with M being a matrix determining the measurement
with elements Mi,j = δi,jmi, where m2k−1 = m2k =
1 if the projection is carried out in the kth mode and
otherwise m2k−1 = m2k = 0. For a simpler notation, let
us introduce a vector m = (m1, ...,m2n) and distinguish
the probabilities (29) by m instead of M . Then, the
success and error probabilities employed in the main text
are given by
Ps = 1− P(0,0,1,1,0,0,0,0) − P(0,0,0,0,1,1,0,0) + P(0,0,1,1,1,1,0,0)
Pe,1 = 1− 2P(0,0,1,1,0,0,0,0) + P(1,1,1,1,0,0,0,0)
Pe,2 = 1− 2P(0,0,0,0,1,1,0,0) + P(0,0,0,0,1,1,1,1). (30)
The exact analytical expressions of those probabilities
obtain very extensive forms.
The formulas can be modified for the response of a de-
tector distinguishing a number of arriving photons. Two
such detectors measuring different modes allow us to get
the probabilities Pmn = 〈m|〈n|ρ|m〉|n〉 for m and n up
to some number. Let us work out the probability Pm,n
exhibited by Gaussian states. They are achieved from an
8overlap of Wigner functions
Pm,n = 16pi
2
∫
Wm(x1, p1)Wn(x2, p2)×
WG(x1, p1, x2, p2)dx1dx2dp1dp2, (31)
where Wm stands for the Wigner function of the Fock
state |m〉 and WG denotes the Wigner function of a Gaus-
sian state. Direct calculation of the integral (31) for a
general Gaussian state in two modes gives rise to very
extensive expressions, which are hard to manipulate an-
alytically. Therefore, the solution of the integral is ex-
pressed in terms of derivation of the formula (29) accord-
ing to the elements of the covariance matrix (17). Let us
introduce an operator
LM,i = −1− 2∂Γ¯2i−1,2i−1
−2∂Γ¯2i,2i , (32)
where Γ¯ = Γ + M and i being 1 or 2 picks relevant
elements of Γ¯. The probabilities exposing the quantum
non-Gaussian coincidences are expressed as
P1,1 = LM ,1LM ,2PM (Γ)
P
(i)
1 = LM(i),iPM(i)(Γ)
P
(i)
0 = LM(i),iPM(i)(Γ), (33)
where M is an identity matrix of rank two, M (1) has
elements M
(1)
i,j = δi,jmi with m1 = m2 = 1 and m3 =
m4 = 0 and, finally, M
(2) has elements M
(2)
i,j = δi,jmi
with m1 = m2 = 0 and m3 = m4 = 1.
B. Monte-Carlo simulation
The thresholds, which are established by the state
|G〉1,2 =
√
1− r2
∞∑
n=0
rn|n〉|n〉, (34)
cover all two-mode Gaussian states in both detection
schemes, where SPADs or PNRDs are employed. To
certify this, we performed several Monte-Carlo simula-
tions where random states |G〉1,2 were generated. Each
simulation was performed for one fixed squeezing oper-
ator generating the Gaussian state. Changing the pa-
rameter of the operator shifted a region were a Monte-
Carlo simulation sets generated points. All the remaining
unitary operators were produced randomly. We carried
out ten simulations with fixed squeezing exp(−|ξ1|) =
{0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9} for both detection
schemes. The others parameters were generated ran-
domly in intervals exp(−|ξ2|) ∈ (0, 1), φ ∈ (0, 2pi),
τ ∈ (0, 2pi), |α1| ∈ (0, 1.5), |α2| ∈ (0, 1.5), ψ1 ∈ (0, 2pi)
and ψ2 ∈ (0, 2pi). Fig. 2 in the main text presents the re-
sults for the measurement with SPADs and Fig. 3 shows
the results when PNRDs are used. Since each simula-
tion produced 106 states, the figures show only the best
50 attempts in each simulation. Because the simulations
were carried out ten times with different fixed squeezing
parameters in both measurements, each figure presents
five hundred best attempts.
C. Model of realistic states
The model of a realistic source producing a photon pair
has the form ρη,T ⊗ ρn¯,1 ⊗ ρn¯,2 with
ρη,T = ηT
2|1〉1|1〉2〈1|1〈1|2
+ ηT (1− T )(|1〉1|0〉2〈1|1〈0|2 + |0〉1|1〉2〈0|1〈1|2)
+
[
(1− η) + η(1− T )2] |0〉1|0〉2〈0|1〈0|2
ρn¯,i = e
−n¯
∞∑
k=0
n¯k
k!
|k〉i〈k|i. (35)
This state yields the probabilities of quantifying proba-
bility of projection to the vacuum
P(0,0,1,1,1,1,0,0) =
[
1− η + η
(
1− T
2
)2]
e−n¯/2
P(0,0,1,1,0,0,0,0) = P(0,0,0,0,1,1,0,0) = (1− ηT/2)e−n¯/2
P(1,1,1,1,0,0,0,0) = P(0,0,0,0,1,1,1,1) = (1− ηT )e−n¯, (36)
which allow us to express the success and error probabili-
ties according to (30). When a photon-number resolving
detector responds to the model state, the success and
error probabilities become
Ps =
[
ηT 2 + 2ηn¯T 2(1− T )] e−2Tn¯
+
[
n¯2T 2(1− η + ηT )T 2n¯2] e−2Tn¯
Pe,1 = Pe,2 = 1−
[1− ηT + (1− ηT )T n¯+ ηT ] e−2Tn¯. (37)
A condition imposed on the parameters that is required
by the quantum non-Gaussian coincidences is presented
in Fig. 4a) and b) for cases of employing SPADs or PN-
RDs.
Other experimental scenarios detect the quantum non-
Gaussianity in a single mode, where the other mode is
either ignored, or used for heralding. In the former case,
the state ρ1 = Tr2 [ρ] works out to be
ρ1 = [ηT |1〉〈1|+ (1− ηT )|0〉〈0|]⊗ ρ˜1(T n¯). (38)
When the state is prepared conditionally by heralding,
the density matrix reads
ρ1 =
1
N
Tr2{[|1〉〈1| ⊗ |0〉〈0|+ I⊗ (I− |0〉〈0|)] ρ} (39)
with N being a probability of the heralding. An explicit
form of the heralded state is
ρ1 =
1
N
{[(1− ηT )(1− e−Tn¯) + ηT (1− T )e−Tn¯] |0〉〈0|
+ ηTe−Tn¯(−1 + eTn¯ + T )|1〉〈1|} ⊗ ρ˜1(T n¯), (40)
where N = 1− e−Tn¯ + e−Tn¯ηT . Fig. 4 c) and d) present
manifestation of the quantum non-Gaussianity in a single
mode by states (38) and (40).
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FIG. 4. Figures present quantum non-Gaussian coincidences and quantum non-Gaussianity exhibited by the state ρη,T ⊗
ρ˜1(T n¯)⊗ ρ˜2(T n¯) in different detection scenarios. a) Thresholds revealing the quantum non-Gaussian coincidences of the state
for different losses T , which the colors distinguish. Whereas the solid lines correspond to conditions when SPADs are employed,
the dashed lines represent the conditions for measurement with PNRDs. The quantum non-Gaussian states are above those
lines. b) The solid lines represent robustness of the quantum non-Gaussian coincidences against losses for several parameters
η using detection with SPADs. The dashed lines show the same thresholds when PNRDs are used. c) Employing the criterion
in [59], the figure presents threshold parameters for the quantum non-Gaussianity of the heralded state (solid) and unheralded
state (dashed). The colors differentiate losses T again. d) An analysis regarding the robustness against losses of the quantum
non-Gaussian test for the heralded state (solid) and unheralded state (dashed). The colors distinguish probability of the
photon-pair emission η. The robustness of both heralded and unheralded states is identical for η = 1.
